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We describe the status of the calculation of the branching ratio for the decay
B¯0 → D+pi− to NNLO in QCD factorization. Here, we present the result for the
colour-singlet hard-scattering kernel. The calculation has been performed using
multi-loop techniques like Laporta’s reduction to master integrals, and Mellin-
Barnes representations and differential equations for evaluating the latter.
I. INTRODUCTION AND MOTIVATION
Non-leptonic two-body B decays yield a broad spectrum of observables for investigating
the CKM structure of the Standard Model. The theory description of many of these observ-
ables involves matrix elements of the form 〈f1f2|Oi|B〉, where the operator Oi describes the
weak interaction of the underlying decay of the B meson to some final state hadrons f1,2.
The strong interactions of the hadronic process complicate the evaluation of these matrix
elements. In a first approach, nowadays known as the naive factorization, the latter are
expressed as products of a decay constant and a form factor, see e.g. [1]. Over the last
two decades several methods for the description of hadronic matrix elements have been de-
veloped, the most successful ones being based on flavour symmetries (see e.g. [2]) and/or
factorization, like pQCD [3] or QCD factorization (QCDF) [4, 5]. The latter is a model-
independent framework that systematically disentangles perturbative from non-perturbative
effects in the heavy-mass limit. Here, we apply QCDF to calculate the radiative two-loop
QCD-correction to the decay B¯0 → D+pi−.
In QCDF in the heavy quark limit the amplitude for B¯0 → D+pi− takes the following form [5]
〈D+pi−|Oi|B¯0〉 =
∑
j
FB→Dj (m
2
pi)
∫ 1
0
du Tij(u)Φpi(u) . (1)
FB→Dj is the B → D form factor, Φpi the light-cone distribution amplitude (LCDA) of the
pion, Tij the hard-scattering kernel and u the momentum fraction carried by the constituents
of the pion. Note that for a finite b quark mass Eq. (1) receives corrections which are formally
suppressed by powers of Λ/mb, where Λ is the typical hadronic scale. Weak annihilation
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2contributions to the decay, as well as interactions involving the spectator quark of the B
meson have been proven to be among such power corrections.
The hard-scattering kernel contains the short distance degrees of freedom and therefore
can be evaluated perturbatively as an expansion in the strong coupling αs(µ). It gives rise
to a perturbative contribution a1 which in naive factorization simply has the value |a1| = 1.
In the case at hand in QCDF the branching ratio is given by the following expression [5]
Γ(B¯0 → D+pi−) = G
2
F (m
2
B −m2D)2|~q|
16pim2B
|V ∗udVcb|2|a1(Dpi)|2 f 2pi F 20 (m2pi) , (2)
where the pion decay constant fpi and the scalar form factor F0 contain the long distance
degrees of freedom. QCDF predicts that for the set B¯0 → D(∗)L with L = {pi, ρ, K}, a1
only mildly depends on the light meson L which can be seen from the quasi-universality of
a1. As an example the results for a1 to NLO accuracy are given below where for the light
meson an expansion in Gegenbauer moments up to the first moment αL1 has been taken [5]
|a1(B¯0 → DL)| =(1.055+0.019−0.017)− (0.013+0.011−0.006)αL1 ,
|a1(B¯0 → D∗L)| =(1.054+0.018−0.017)− (0.015+0.013−0.007)αL1 . (3)
In case of pi and ρ we have α
pi(ρ)
1 = 0 and for the kaon |αK1 | < 1 is assumed. One finds a
quasi-universal value |a1| ' 1.05.
For the decays B¯0 → D(∗)L with L = {pi, K}, values for a1 have been recently extracted
from experimental data [9] and here, the favored central value is |a1| ' 0.95, with errors in
individual channels at the 10-20%-level.
There is still a chance that one may improve the numbers (3) from the theoretical side.
The NLO QCDF corrections to a1 are small since they are colour-suppressed and appear
alongside small Wilson coefficients. Therefore the NNLO contribution is not necessarily
much smaller compared to the size of the NLO correction1. By calculating the NNLO
correction we test whether the updated numbers in Eq. (3) will still point towards a quasi-
universal value |a1| ' 1.05 or whether they shift towards the experimentally favored value.
Last but not least, the two-loop correction will most probably be the final word on the
perturbative side of the factorization formula (1). Since the perturbative series is expected
to be well-behaved and also the precision on the form factor and Gegenbauer moments of the
LCDA is expected to improve, this will enable us to estimate the size of power corrections by
comparison to experimental data. The uncertainties of the experimental values are currently
at the 5%-level [10],
B(B¯0 → D+pi−) =(26.5± 1.5) · 10−4 ,
B(B¯0 → D∗+pi−) =(26.2± 1.3) · 10−4 . (4)
II. THEORY
We work in the effective five-flavour theory where the top quark and the heavy gauge
bosons are integrated out. The current-current operators for the b → cu¯d transition are
1 Note that this does not imply a breakdown of perturbation theory, as was already pointed out for two-loop
corrections to the colour-suppressed tree-amplitude in B → pipi decays [6–8].
3given by the effective Hamiltonian [11]
Heff = GF√
2
V ∗udVcb (C1Q1 + C2Q2) + h.c. . (5)
The effective four-fermion operators in the Chetyrkin-Misiak-Mu¨nz (CMM) basis [12] read
Q1 = d¯γµ(1− γ5)TAu c¯γµ(1− γ5)TAb , (6)
Q2 = d¯γµ(1− γ5)u c¯γµ(1− γ5)b . (7)
Q1 and Q2 are the colour octet and singlet operator, respectively. They are supplemented by
evanescent operators which can be found in [13, 14] and which have to be taken into account
to make the system of operators closed under renormalization in dimensional regularization.
III. MATCHING TO SCET AND MASTER FORMULA
The kinematics of the decay allows a matching to Soft-Collinear Effective Theory
(SCET) [15–18]. We adopt the power counting mc/mb ∼ O(1) and therefore integrate
out the hard fluctuations of the heavy b and c field at the hard matching scale. Thus, the
QCD quark fields b and c will be described by HQET fields hv and hv′ , respectively. The
energetic quarks u and d nearly move in the same direction and therefore will be described
by the same type of collinear SCET fields χ. The matrix elements of the QCD operators Qi
then can be expressed as a linear combination of a suitable basis of SCET operators2
〈Qi〉 =
∑
a
[Hia〈Oa〉+H ′ia〈O′a〉] , (8)
where Hia and H
′
ia are the bare matching coefficients. The basis of SCET operators reads
3
O1 =χ¯
/n−
2
(1− γ5)χ h¯v′/n+(1− γ5)hv ,
O2 =χ¯
/n−
2
(1− γ5)γα⊥γβ⊥χ h¯v′/n+(1− γ5)γ⊥,βγ⊥,αhv ,
O3 =χ¯
/n−
2
(1− γ5)γα⊥γβ⊥γγ⊥γδ⊥χ h¯v′/n+(1− γ5)γ⊥,δγ⊥,γγ⊥,βγ⊥,αhv ,
O′1 =χ¯
/n−
2
(1− γ5)χ h¯v′/n+(1 + γ5)hv ,
O′2 =χ¯
/n−
2
(1− γ5)γα⊥γβ⊥χ h¯v′/n+(1 + γ5)γ⊥,αγ⊥,βhv ,
O′3 =χ¯
/n−
2
(1− γ5)γα⊥γβ⊥γγ⊥γδ⊥χ h¯v′/n+(1 + γ5)γ⊥,αγ⊥,βγ⊥,γγ⊥,δhv . (9)
Note that all operators O(′)a with index a > 1 are evanescent. Their renormalization is done
such that all matrix elements of evanescent operators vanish also beyond tree-level.
2 We use the same convention as in [6].
3 For simplicity the Wilson lines in the operators have been omitted. Since the latter are non-local on the
light-cone, the correct notation would be χ¯(tn−)[. . . ]χ(0). Therefore the coefficients Hia also are functions
of the variable t and Eq. (8) must be interpreted as a convolution product.
4Performing the matching from QCD onto SCET along the lines of [6] we arrive at the
following expression for the two-loop hard-scattering kernel of the colour-singlet operator
T
(2)
2 =
∑
a=1,1′
A
(2),nf
2a + Z
(1)
2j A
(1)
ja + Z
(2)
2j A
(0)
ja , (10)
where j = 1, 2 and the upper indices denote the loop order. For simplicity, we abbreviated
the contributions from the primed operators by primed indices. The A
(2),nf
2a are the ampli-
tudes from the set of 62 non-factorizable two-loop diagrams which can be found in [5]. The
operator renormalization constants Z
(`)
2j from the effective weak Hamiltonian are already
known in the literature [13, 14]. The quantities A
(`)
ja denote the sum of one-loop (` = 1) and
tree-level (` = 0) diagrams, including those of evanescent operators from Heff , and including
factorizable diagrams.
The analogue of the master formula (10) for the hard-scattering kernel T
(2)
1 of the colour-
octet operator Q1 will contain additional terms which are not present in the case of Q2.
The reason for this is the fact that the one-loop kernel T
(1)
2 and other one-loop amplitudes
of Q2, such as e.g. those stemming from the mass counterterm, do not contribute due to the
vanishing of the corresponding colour factors.
IV. COMPUTATIONAL TECHNIQUES
The two-loop Feynman diagrams given by A
(2)nf
ia are on-shell QCD diagrams which depend
on two non-trivial scales: the momentum fraction u of the constituents of the pion, and the
ratio zc = m
2
c/m
2
b of the heavy quark masses. The pion mass is neglected. We work in
dimensional regularization with D = 4 − 2, thus the UV and IR divergences of the two-
loop diagrams appear at maximum as 1/4 poles. A consistent treatment of γ5 in the NDR
scheme with fully anticommuting γ5 is ensured by the use of the CMM basis.
The evaluation of the integrals is performed by applying commonly used multi-loop tech-
niques like Passarino-Veltman decomposition [19] and Laporta’s reduction to master inte-
grals [20–23].
We have found that there are 25 yet unknown master integrals. The topologies for a
sample of them are depicted in Fig. 1. For their evaluation we use various techniques. The
results for the diagrams which are simply products of one-loop integrals can be analyti-
cally expressed in terms of hypergeometric functions. We apply the method of differential
equations [24, 25] to find analytical expressions for all master integrals that only depend
on one scale, in the case at hand on zc. The master integrals with three or four external
legs and with both scales present are approached by introducing Mellin Barnes represen-
tations [26–29], therefore their result is “semi-analytical” since the integrations over the
Mellin-Barnes parameters only can be performed numerically. Finally we did cross-checks
with the sector-decomposition program SecDec [30].
5−q3 q3
q4
q3 q
q4 + q1
q2 q3
q3
q4 q2
q1
FIG. 1. Selected master integrals: The dashed, the double and the curly line represent a massless,
a b-quark and a c-quark line, respectively. The external momenta satisfy q1 = q− q2 = u q and are
taken to be on-shell: q2 = 0, q23 = m
2
c , and q
2
4 = m
2
b .
V. RESULTS AND DISCUSSION
We obtain a numerical result for the two-loop colour-singlet hard-scattering kernel by
evaluating all terms in Eq. (10). All poles in  cancel at the level of ≤ 6 · 10−10 for about
a dozen points in the u − zc plane. We therefore conclude that the expression for T (2)2 is
finite in dimensional regularization, which provides a powerful check of the calculation. We
also seek to perform an analytical cancellation of the poles by applying the new method of
differential equations for multi-scale integrals [31].
The master formula for the colour-octet hard scattering kernel T
(2)
1 is in preparation.
Another further step of the calculation is the convolution of the hard-scattering kernel with
the light-meson LCDA to obtain a value for the perturbative quantity a1. Finally, as phe-
nomenological application we will calculate branching ratios for B → D(∗)pi / ρ and confront
the results with experimental data. From this comparison it will be possible to estimate the
size of power corrections stemming from weak annihilation and spectator interactions.
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